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INTRODUCTION

Nadler [10] in 1969 introduced the multivalued version of Banach contraction principle. Therefore metric fixed point theory of
single valued mappings has been extended to multivalued mappings. The concept of partial metric spaces as a generalization of
metric spaces was initiated in 1994 by Mathews [11], in his treatment of denotational semantics of dataflow networks and he
proved the Banach contraction principle in such spaces. Many authors followed his ideas and proved various results, especialy in
fixed point theory. For partial metric spaces, self distance need not be zero. It was shown that, sometime the results of fixed point
in partial metric spaces can be obtained directly from their induced metric counterparts [2, 5, 7, 8]. However, some conclusions
important for the application of partial metrics in information sciences cannot be obtained in this way. For example, if x isa fixed
point of mapping f, then from the method given in [8], we cannot conclude that p(fx, fx) = 0= p(x, X). In 2012, Aydi et a. [3]
introduced the concept of a partial Hausdorff metric. They initiated study of fixed point theory for multival ued mappings on partial
metric space using the partial Hausdorff metric and proved an analogue of well known Nadler fixed point theorem. Our proved
results generalize the results of R. Damjanovic, B. Samet and C. Vetro [9]. Before presenting our main results, we start with
introducing some definitions.

Definition 1.1: Let X and Y be non empty sets. T is said to be a multivalued mapping from X to Y if T isafunction from X to the
power set of Y. We denote a multivalued mapping by X — 2.

A point x € X issaid to be afixed point of multivalued mapping T if X € Tx. We denote the set of fixed points of T by Fix(T).

Let (X, d) be ametric space. Let CB(X) denote the collection of non empty closed bounded subsets of X. For A, B € CB(X) and x
e X, define

dix, A) = inf dx, a)
acA

aeA beB

and H(A, B) = max {supd(a, B), supd(b,A)}.

Note that H is called the Hausdorff metric induced by the metric d.
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Definition 1.2[11]: Let X be a nonempty set. A function p : X x X —> R" is said to be a partial metric on X if for any x, y, z € X,
the following conditions hold:

(Hp(x, X) = p(y, y) = p(x, y) if and only if x =y,
(iDp(x, X) < p(x, y),

(ip(x, y) = p(y, X),

(iV)p(x, 2) < p(x, y) + p(y, 2) (Y, y)-

The pair (X, p) isthen called a partial metric space.
If p(x, y) =0, then (i) and (ii) imply that x = y. But the converse does not hold always. A trivial example of a partial metric space
isthe pair (R, p), wherep : R* x R"—> R" isdefined as p(X, y) = max{Xx, y}.

Example 1.3[11]: If X ={[a, b]: &, b € R, a< b}, then
p([a b, [c, d]) = max{b, d}-min{a, c}
defines apartial metric p on X.

Each partial metric p on X generates a T, topology 1, on X which has a base the family open p- balls {By(x, €): x € X, € > 0},
where

Bp(x, €) ={y € X: p(X, y) <p(x, x) + ¢}, foral x e X and e > 0.

Observe that a sequence { X} in a partial metric space (X, p) convergesto apoint x € X, with respect to 1, if and only if p(x, x) =
||m p(X! Xn)'

N>+
If pisapartial metric on X, then the function p*: X x X — R* given by
P°(X, ¥) = 2p(X, ¥) —p(X, X) —p(Y, Y), defines a metric on X.

Definition 1.4[11]: Let (X, p) be a partia metric space.

(a)A sequence {xn} in X issaid to be a Cauchy sequenceif i, P(Xn, Xm) exists and isfinite.

n, M-+

(b)(X, p) is said to be complete if every Cauchy sequence { X} in X converges with respect to tpto apoint x € X such that lim

N—+0
p(Xn, X) = p(X, X). In this case, we say that the partial metric p is complete.

Lemma 1.5[4, 11]: Let (X, p) be a partia metric space. Then:

(a) A sequence {x,} in X issaid to be a Cauchy sequence (X, p) if and only if it is a Cauchy sequence in metric space (X, p°).
(b) A partial metric space (X, p) is completeif and only if the metric space (X, p°) is complete. Moreover,

lim p(Xn, X) = 0iff lim P(n, Xm) = [im P(Xn, X) = P(X, X).

N—+w n,m—>+0 N—+o0

In 2012, Aydi et al. [3] defined a partial Hausdor ff metric asfollows:

Let (X, p) be a partial metric space. Let CBF(X) be the family of all nonempty, closed and bounded subsets of the partial metric
space (X, p), induced by the partial metric p. Note that closedness is take from (X, 1), T, is the topology induced by p and

boundednessis given as follows:

A isabounded subset in (X, p) if there exist X, € X and M > 0 such that for all a € A, we have a € Bp(X,, M), that is, p(Xo, @) <
p(a, @ + M. For A, B € CBF(X) and x € X, define

p(x, A) =inf{p(x, @), a € A},
dp (A, B) =sup{ p(a, B): ae A}

and d (B, A) = sup{ p(b, A): be B}.
The mapping Hp: CBP(X) x CBP(X) — [0, +0) define by

Hy(A, B) = max{ 8,(A, B), 0,(B,A)}
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iscalled a partial Hausdorff metric induced by p.
It isimmediate to check that p(x, A) =0 => p*(x, A) =0,
where p(x, A) = inf{ p%(x, a), ac A}.

Remark 1.6[4]: Let (X, p) be a partial metric space and A any nonempty set in (X, p), thena e Aif and only if p(a A) =p(a a),
where A denotes the closure of A with respect to the partial metric p. Notethat A isclosed in (X, p) if and only if A = A.

Now, we shall study some properties of mapping
dp: CBP(X) x CBP(X) — [0, +00).

Proposition 1.7[3]: Let (X, p) be apartial metric space. For any
A, B, C € CBP(X) we have the following:

(i) Op (A, A) = sup{ p(a a): ae A};

(i) 85 (A, A) < 8, (A, B);

(iii) 85 (A, B) = 0impliesthat A C B;

(iv) 8,(A,B) < 8,(A,C)+ 8,(C, B)— icrj: p(c, ©).

Proposition 1.8[3]: Let (X, p) be a partial metric space. For any A B € CB™(X),
we have the following:

(Hp(A, A) < Hy(A, B);
(iiH,(A, B) = Hy(B, A);
(V) Hy(A, B) < Hy(A, C) + Hy(C, B) — ini p(c, ©).
Ce
Corollary 1.9[3]: Let (X, p) be apartial metric space. For any A, B € CB(X), the following holds
Hy(A, B) = Oimpliesthat A = B.

Remark 1.10[3]: The converse of Corollary 1.9 is not truein general asit is clear from the following example.
Example 1.11]3]: Let X =[O0, 1] be endowed with the partial metric

p: X x X —> R" defined by p(x, y) = max{Xx, y}. From (i) of proposition 1.7, we have
Hp(X, X) = 8p(X, X) =sup{x: 0<x<1}=1=#0.

Remark 1.12[3]: It is easy to show that any Hausdorff metric is a partial metric, but the converseis not true (see example 1.11).
Definition 1.13[1]: Anelement x € X is said to be a coincidence point of

T:X = CB’(X)andf: X — X if fx eTx. We denote

C, T)={ xe X:fx eTx},

the set of coincidence point of T and f.

Definition 1.14[6]: Mappingsf : X — X and T : X — CBP(X) are weakly compatible if they commute at their coincidence
points, that is, if f(Tx) = T(fx) whenever fx eTx.

Definition 1.15[6]: Let T : X — CBP(X) be amultivalued mapping and f : X — X be a single valued mapping. The mapping f is
said to be T-weakly commuting at x € X if ffx € Tfx.

Definition 1.16[1]: An element x € X isacommon fixed point of T, S: X — CBP(X) andf: X = X if x =fx € Tx n SX.
MAIN RESULTS

Lemma 2.1[3]: Let (X, p) be a partial metric space, A, B € CBP(X). Suppose that € > 0 and H,(A, B) <. Then for al a e A there
exist b € B such that p(a, b) <.



International Journal of Recent Advances in Multidisciplinary Research 6302

Theorem 2.2: Let (X, p) be acomplete partial metric space. Let T, S: X —> CBP(X) are two multivalued mappingsand f : X —>
X apair of single valued mapping satisfying the following

HS(X) < f(X) and T(X) < f(X),
(iNf(X) iscomplete.
(iii)there exist amapping ¢ : (0, o) —> [0, 1) such that

limsup o(r) < 1 forall t € [0, ©), D

r—t*

andfor al x,y € X,

Hu(Sx, Ty) < o(p(fx, fy)) p(fx, fy). )

Then T, Sand f have a coincidence point in X. That is, there exist y e X such that fpe Sp n Tp.

Proof :- Let Xg € X and let X, € X be such that le € S(o' From (2) we have p(le, TX]_) < Hp(SX(), TXl) < (p(p(fXO’ le)) p(on, le)
< p(fxo, fxa) .

By Lemma2.1 and (i). We can take x, € X such that fx, € Tx; and p(fxy, fx,) < p(fxo, fX1) . From (2) we have
P(fX1, SX2) < Hy(SX2, TX1) < @(p(fXq, TX2)) p(fXy, FX2) < p(fxy, fX2).

Again, by Lemma 2.1 and (i), we can take x5 € X such that

fxs € Sx, and p(fx,, fxz) < p(fxy, fXo) .

Continuing this process, we can construct a sequences{x,} in X such that forn=0, 1, 2...

fXoni1 € SXon, TXoni2 € TXone1s
P(FXne1, TXne2) < P(FXn, TXne1)

Since {p(fx,, fx,+1)} 1S anonincreasing sequence in [0, o), the sequence { p(fx,, fXn+1)} is convergent. From (1) there exist r € (O,
1) such that

Iimsup Q(p(fX, fXp+1)) = 1. Thusfor any k € (r, 1), there exist N € N such that for all n = N. @(p(fx,_ 1, fX,))) < k. Hence we
r—t*
haveforn> N,

P(fXn, Xni1) < Q(P(FXn - 1, FXn)) P(FXn -1, FX0)

<k p(fxn -1, fxn).

Thusfor eachm>n > N, we have

P(fXn, Xm) < [P(FXn, X+ 1) + P(FXn 42, o4 2) + .+ p(FX -1, FXe)] =
[P(fXn+ 1 TXn+ 1) + P(FXn+ 2, TXn+2) +.oo + P(Xm- 1, TXm- )]

S KN+ KN N p(fxy, )

n—-N
< P(fXn;, FXn+a).
1-k
whichimplies [IM  p(fx,, fx.) = 0. ©)

m,n—o
By the definition of p°, we have

P (FXn, FXm) = 2P(FXn, TXim) = P(FXns TX0) = P(FXme TXim)
S 2p(fxn1 fxm)

Applying (3), thisyields

[im  pS(fx, fx.) = 0. (4)

m,N—o0
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hence {fx,} isa Cauchy sequencein (X, p°). Since (X, p) is complete, then from lemma (1.5), (X, p°) is a complete metric space.
By the completeness of f(X), we have {fx,} converges to some ueX with respect to the metric p°. Therefore there existsq € X
such that u=fq. That is

lim fx, = fq. (5)

N—+o0

Then by lemma 1.5 and (5), we obtain that

p(fa, fg) = lim p(fx, fq) = lim  p(fxn, fXm) (6)
n—>+0 n,m—-+o

From (3) and (6), we can conclude that p(fq, fg) = 0.Therefore, for each ne N, From (2) we have

p(an+2, SQ) < Hp(Sqa TX2n+l)
< @(p(fa, fXzn+1)) P(FXq, FXon+1)
< p(fxq, fX2n+1).

Letting n — oo, we have p(fg, Sq) = 0, we have fge Sg. Similary, we can show fq € Tq. Therefore, we havefq € Tqn Sq.

Example 2.3: Let X =[4, 00) and p(X, y) = max{x, y} for al x, y € X. Then p isa partial metric space on X. Define S, T, f and g
on X asfollows:

Sx =x+ 60, Tx = x+ 56, fx = x> and gx = x*.
Then,

p(fx, gy) = max{x’ y*} =x° and
p(Sx, Ty) = max{ x + 60, y + 56} = x + 60
p(Sx, Ty) =x + 60 < x° = p(fx, gy).

p(Sx, Ty) < p(fx, gy).

Thus, (1) hold for al x, y € X. Also the other hypotheses (i) and (ii) are satisfied. It is seen that S(4) = f(4) = 64 and T(8) = g(8) =
64.

Therefore, S and f have the coincidence at the point u = 4, T and g at the point w = 8, and S(4) = T(8).

Theorem 2.4: Let (X, p) be acomplete partial metric space. Let

T,S: X — CBP(X) be multivalued mappings and f : X — X be a single valued mapping satisfying , for each x, y € X,
Ho(Sx, Ty) < ap(fx, fy) + b[p(fx, Sx) + p(fy, Ty)] + c[p(fx, Ty) + p(fy, Sx)]

wherea b,c>0and0<a+2b+2c< 1. Iff Xisaclosed subset of X and TX U SX < f X, thenf, T and S have a coincidence

in X. Moreover, if f isboth T-weakly commuting and S-weakly commuting at each z € C(f, T), and ffz = fz, thenf, T and Shave a
common fixed point in x.

Proof :- If f = gin Theorem 2.2, we obtain that there exist pointsu and w in X such that fu e Su, fw € Tw, fu=fw and Su=Tw.
Asu e C(f, T), f is T-weakly commuting at u and ffu = fu. Set v = fu. Then we have fv = v and v =ffu e T(fu) = Tv. Now, since
asou e C(f, S) then f is S'weakly commuting at u and so we obtain v = fv = ffu € S(fu) = Sv. Thuswe provethat v =fv € Tvn
Sv, that isv isacommon fixed point of f, T and S.

If f = g =Ix (Ix be the identity mapping on X) in Theorem 2.2, then we obtain the following common fixed point result.

Corollary 2.6 : Let (X, p) be acomplete partial metric space.

Let T, S: X — CBP(X) be multivalued mappings satisfying , for each x, y € X,
Ho(Sx, Ty) < ap(x, y) + b[p(x, SX) + p(y, Ty)] + c[p(x, Ty) + p(y, SX)]

wherea, b, c = 0and 0 <a+ 2b +2c < 1. Then there exists a point z in X, suchthatz e Tzn Szand Sz=Tz.
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