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INTRODUCTION

Generalization of Asplund inequalities on lipschitz functions were considered by ROLEWICZ (Rolewicz, 1993).The principal
objective of this paper isto generalised the idea on lipschitz functions in fuzzy linear spaces.

2.Some Fundamental Definitions and Theorems

Definition2. 1 (Samanta, 2014). Let X be any non empty set and F(X) be the set of all Fuzzy setson X . For U,V € F(X)

and k €K the field of real numbers, define U+V={(x +y, A A)|(x,A) €U,(y, n) € V} and

k U={(kx,A)|(x,A) €U}.

foinitionz. 2 (Samanta, 2014). Let X bealinear space over K (field of real or complex numbers). Then a fuzzy linear space

X =x X (0, 1] over the field K where the addition on X are defined by (x, A)+(y,W)=(x+y,AAW)

k( x ,A)=(k x,A\) is a fuzzy normed linear space if to every (x ,A) € X thereis corresponds a non-negative real number || (x ,A)]|
,called fuzzy normed of
(x, A) insuch a way that

[l (x,A ) |[=0 iff x=0 the zero element of X, A € (0, 1],

kO, M=K I, M)l for (x, M) € X anddl k € K, _
I16¢, NI A AWIHIY A A Wi for all (x M) () € X,
| (x,VtA)|= M I(x , At)|| for At € (0,1].
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Definition 2. 3 (Samanta, 2014). Let X be alinear space over the field of real or complex numbers say K, then afuzzy subset N of
XXR (Risthe set of real numbers) is called afuzzy norm on X if and only if for all

X, ,Uu€EXandc € K,

(N1) for all t € Rwitht<0, N(x, t)=0,

(N2) for all t € Rwitht>0, N ( x ,t)=1if and only if x=0.

(N3) for all t € Rwitht >0, N (cx,t)=N(x ,t/|c])if c£0.

(N4 foralst€ R, x,u€X,N(x+u,s+t)=2min{N(x,s), N(u, t)}

(N5) N(x,") is a non-decreasing function of R and lim N (x ,t)=1,then the pair ( X ,N) is called fuzzy normed linear space.

Definition2.4 (Samanta, 2014). Let (X,N) be a fuzzy normed linear space .we define || x || a =inf{t: N(x,t)=a},& € (0,1).
Then{||-[|o: & € (0,1)} isan ascending family of norms on X (or) a-norms on X corresponding to the fuzzy norm on X.

Definition2.5 (Samanta, 2014). Let X be a non-empty set and F(X) be the set of all fuzzy setson X. If f € F(X), then f =
{(x,W)/x € Xandu € (0,1]}. Clearly f is abounded function for [f(x)|<1. Let K be the space of real numbers then F(X) is a linear
space over the field K where the addition and scalar multiplication are defined by

f+g={ xW+Hy N I=(x+y .U An)/(xu) € fand(yn) € g}
And
K f= (k f,u) / (x, b) €f},where k € K.

The linear space F(X) is said to be normed space if for every f € F(X), thereisassociated a non-negative real number || f || called

thenorm of f insuch away that

X, mf: (X, f}=0 . .
|| f]l=0if and only if f = 0. For ||f||=0ifandon|yif{”( m)”( m e f} X=0 ,u € (0] ifandonlyif f= 0.
IKEI=IKIIfIL k €K For Ikl ={llk(, W) I/ (x,n)< fk €K} ={IkllIx,pll/(x,u) €F} =[k]lf [
If+gll<Ifl+|lgllforeveryf,g & FX).

For If+gll={Il(xpn)+(y I/ x,y €X,un <(01]}
= N(x+y), (mnll/x,y €X,un €01}

S{FOGp A I+ [N Il / (x p) € fand(yn) Sgl=Ifll+Ilgll
Then (F(X), || - ||) is a normed linear space.

Definition 2.6 (Samanta, 2014): A 2-fuzzy set on X isafuzzy set on F(X).

Definition2.7 (Samanta, 2014). Let F(X) be alinear space over thereal field K. A fuzzy subset N of

FOX)XF(X)*R . (R, the set of real numbers) is called a 2-fuzzy 2-norm on X ( or fuzzy 2-norm on F(X)) if and only if,
(N1) foralt € Rwitht<0, N (f1 ,f2 ,t)=0,

(N2) foralt € Rwith t=0,N (f1,f2 ,t)=1, if and only if f1 and 2 are linearly dependent,

(N3) N (f1 ,f2 ,t) isinvariant under any permutation of f1 and 2,

(N4) foralt € R,witht=0, N (f1 ,cf2 ,t)=N (f1 ,f2 ,t/|c|) ifc #0, c € K (field),

(N5) for all st €R, N(f1,f2+f3,s+t) = min { N (f1 ,f2,s), N (f1 ,f3,t)},

(N6) N (f1,f2,):(0,0) — [0,1] iscontinuous,

N7y M (11 £2 =1,

Then (F(X),N) isafuzzy 2-normed linear space or (X,N) is a 2-fuzzy 2-normed linear space.

Let X be a linear space. Then ( ””) is a fuzzy normed linear space. Let X" denote the class of al continuous convex
function defined on X.
Definition2. 8. Let F(X) be the set of all maps from X to I,where | = [0,1]. Then A is a fuzzy point in X, x its support and a its
a
value , A may be denoted by * .
ao
Lety € F(x).thenI X €y iff y(x0) >a0,

121 1,1.,i=012,...]

Fuzzy point” X, X will be denoted by respectively.
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Let X be areference set, | = [0,1] and let F(& ) be the set of al maps from X to |. The partial order in F(X) is defined as follows
g< m, where 9:M€ F(X) if and only if g9(x) = m(x) for all xe X. Then (F(X),<) isacomplete lattice. The suprema and
infima are denoted by Vi A respectively.

Definition2.9 (Samanta, 2014):

(D misa fuzzy setin X < me F(X),
2dm<m, = m((x) <m(x),V xe X.
(3) (ym ) = supim, ()}, V x e X.

(4) (Am)(X) =inf {m (¥)},V xe X.
(5) M*(x) =1-m(x),V xe X.
(6) 1(x) =1, 0(X) =0,V X € X.

Definition 2.10 (Samanta, 2014): Let frX —Y,meF(X),geF(Y)
f(m(y)= sup {m(x)}, f(y)=f

xet 7 (y)
=0, f 7 (y) =f
f(@)(x) =9(f (X),V xe X.
Definition 2.11 (Sanlanta, 2014): s< F(X) satisfy the following conditions:
(1) | €e50¢eS.
(2) Me S geS=>mAgeS
meS=vm €S

3) :
Then Siscalled afuzzy topology on X and (X,S) afuzzy topological space.

Definition 2.12 (Samanta, 2014): A fuzzy set | e F(X) suchthata < (01) and
| (x")=a, if x'=x
| (x") =0, if x" =X

. . a
is called afuzzy point in X (written | ) , xitssup port and a its value, | may be denoted by | ° .

* is said to belong to g (written | *° if and onlyif a(x.)>a..
Definition2.13 (Samanta, 2014):I %o gtog( l %o €g) yif g(x,) 0

Definition 2.14 [9]. LetME F(X)-Then Mis called a neighbourhood of p if 2" €S such that PEM <M yhere
Sc F(X).
N me F(x),then m=V | , wherel
Let P denote the system of all neighbourhoods of p.If xeX is a fuzzy point. From now on
fuzzy point
a1 i= 3 wi l,I.i=01%....... I
12131 =22,.... ,IX,vaIbedenotedby 1=01, respectively.
X =Xx(0]]

Definition2.15 (Samanta, 2014). A fuzzy linear space over the number field K where the addition and scalar

multiplication on X are defined by

&) +(y,m = (x+y,| Am),
k(X Yy)=(kxl)

Then X isafuzzy linear spaceif to every (xI)eX
l|(x, M|\, called the fuzzy normed of (x, A ), such that

there corresponds a non-negative real number,
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@ I(x1)|=0iff x=0the zero element of X, € (0]],
@2 kOGS IEK TG IV (X1 ) e X and all k e K,

@ D+ I<IO Am I+ Am Y (y,m) e X,
(4 v ) IEAACT ) for |y e (0],

then X will be defined as fuzzy normed linear space.

Definition 2.16 (Samanta, 2014). Let X be a any non-empty set and F(X) be the set of all fuzzy sets on X. For U,V € F(X) and k
€K thefield of real numbers, define

UV ={(x=y,l AmI[(xl)eU,(y,m eV},
and kU ={ (kx| )| (x| ) €U}

Definition 2.17 (Samanta, 2014). The fuzzy subset T+ MeiS defined by
(M +m)(X)=v{m(X)+ M, (X): X=X + X,}.

And for ascalar t of K and afuzzy subset ™ O X the fuzzy subset '™ is defined by

m(x/t) if t=0
(tm)(x) =<0 ift=0and x=0

vimy)|ye X} if t=0and x=0

X

Definition 2.18 (Samanta, 2014). fel issaid to be
convexif I +@-0f < f foreachte (0]
balancedif = f for eachte K with|t|<1
absorbingif VIFOIIt>0 =10 o ex.
Let X be alinear space . Then (X’” ' ”) isa fuzzy normed linear space. Let X’ denote the class of all continuous convex

function defined on X . Let f(x) be alower-semicontinuous function defined on X we denotes

FUX )2 SUDIX () = F(O} oo )

where f *(X*) will be called Fenchel dual function , X € X'.

Theorem 2.1: (Asplund, 1968 and Bronstedt, 1964). Let f(x) be a lower-semi- continuous convex function defined on a banach
space (X, |H). Let y be a convex function mapping the interval [0,+c0) into [0, +o0] such that y(0) =0 . For a fixed xoe X and X, ¢
X" thefollowing inequality are equivalent

F(X) = F (%) =X, (X=X,)+ G| X=X ) O @l X € X oo @

(X)) = F706G) S (X =x)(%)+9 (1X =X [[) for all X' € X oo (3)

where " denote the function conjugate toy, " (t) = SUP[UL — QU] weeeeeeerrermrissssssseseseeee e ssessssssssssssssssssssss (4)
u-0

In the present it will be shown that theorem 2.1 holds on fuzzy space.
Now we shall establish the following results.

@ f°G)>g ()iff f(x)<g(x),forall xe X andj ef ,f isacertain family of functionsdefinedon X .

Proof. By (1)

f7G)29°(G)
< supj (x) = T ()] = suplj () - 9(x)]

< F(¥) <g9(x)
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Similarly,

@ f°G+r)=1"(¢)+r foralreR,
@) (f"+r)j =f7()-r foralre R,
@ fOI+17G)2j (0

We say that afunction f is f -convex if it is amajorant of the function of f |
T TR C TR C R B TS 5 T )

Observe that the space )Z induces on the family f also family of functions by formula

X1 ) =] ().

Thus for functions defined on f we can speak about X -convexity. It is easy to see that the function f (j ) is aways X -
convex. We say that function j , € f isaf -subgradient of the function f(x) at a point X, if

OO = F(X,) 2] 0(X) = 6(Xo) O 1 XE X oot seeseseseesessesesseses sttt e ®)

It is easy to see that a function | , iS@ f -subgradient of a function f(x) at the point X, , then xois a X -subgradient of a
function f  at the point X, .
It is easy to see that afunction | 0 isa f -subgradient of afunction f at the point X, , then xgisa )Z -subgradient of a function of

afunction " at the point Xo .
Definition 2. 19: Let >? be the set of all maps from >? to 1. Then Ais a fuzzy point in )Z , X its support and a its value , A may
be denoted by |5 . Let y f e F(x).then | 50 eyiff y(x))>co.

Fuzzy point | 5,1 i will bedenotedby | ,I; ,i =01,2,.....] respectively.

Definition 2. 20: Let p be set of all fuzzy points in )Z . Then fuzzy metric space is defined as follows: if a map d: pxp ——>[0,

0],

Satisfying

e d(,l,)=0=x =x,anda, <a,

d(l 1’| 2):d(| 2’| 1)
° d(|l,|3)£d(|1,|2)+d(|2,|3)

d(l ,,I ,) =r wherer > 0= thereexista’>a, suchthat d(l ill,| ,) <T,is called a fuzzy matric space.

Definition 2. 21: A sequence { A, } of fuzzy points converges to A iff for each p € N, (i.e.the system of al neighbourhoods of
fuzzy point pin X)), there exist positive integer N suchthatn=N =1 € m(writtenl ,——1).

Definition 2.22: A sequence { A, } is called a Cauchy sequence if
lim d( ,,1,)=0

n,m—oo

Definition 2.23: A fuzzy metric space (>Z d) is said to be complete iff every Cauchy sequencein ()Z d) converges with respect
to the fuzzy metric.
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Definition 2.24: Two fuzzy metric space ()Z,d) and ()Z',d') areisometric if there exits a one-to-one mapping | from ()Z,d)
onto (X', d") such that for every | ,,1 , in (X,d)=d(l,,1 ,)=d( (I,),j (I ,)).Themapping] iscalled anisomery.

Definition 2. 25: A complete fuzzy metric space (N* ,d" ) is a completion of ()Z,d) if ()Z,d) is isometric to a dense fuzzy
subset of (X", d") .

Let (>?,d) beametricspace Letf bea subclass of the space of al lipschitzian functions defined on

)'Z. Let d|(i 1’1- 2) _ Sup{[] 1(X1) _j z(Xz)]_U 1(X2) _j 2(X2)]
X, Xp€X dX(Xl,XZ)

Then obviously d, is quasimetric, i.e. it is symmetric and satisfies the triangle inequality .If d. (J ;,] ,)=0,then the difference of

j ;andj , isaconstant function,i.e. j ,(X) =] ,(X)+cC.

Now we consider the quotient space f /R, where we identify all functions , which differ on constants. It is easy to see that d is

DX # X}

ametricon f /R.

Theorem 2.2: Let f(x) bea f -convex function. Suppose that

N DR I TR IR R I IS ) 7)
holdsThen
F(X) < F (X)) 0(X) = 0(X) FG (A(X,X5)) wrrrrrrrremrereieeereeeeeteeseeseesseeses s sessessses s essen s sessssnss s ssesanes (8)

whereg’ (t)isadual function to the function g,g’ (t) = sup[ut —g(u)].

u-0

Proof: Since the function f(x) is f -convex for each x e X and each & > 0 there is a ] ef suchthat

fO)+f(G)=j (X)<e.
Thus
i ()= FO)=] (%) +€ =] (%) = F )= o(Xo) F (UL 1] o) werrererrrmmerrrmreremrerismesssesessssseesssssesssesenesens 9)

and

FO) < T(x)+] (X) =] (%)-9(d.( .j o)) +e

= F0%6)+1 0() =1 o (X)) +I () =1 (X)) =[ o(X) =] o(X)]=9(d (. o)) +e

< F) 1 o(X) = o(X) +dL( 4 0)d(X, %) —9(d (1) o)) +e

< (%) +] o(¥) =] o(Xo)"‘St‘Ug)[td(Xa X)—-g®)]+e

= T (%) +i o(¥) =] o(X) +97(d(x, %)) +e€

The arbitraryness of € implies (8).

Let ()Z,d) be ametric space . Let f consist of Lipschitzian functions . As it was shown before the metric d induces on the space
f /R ametric d, . Observe that >? can be interpreted as a set of Lipschitzian functions of ( f /R ,d,). Then we can consider on the

space X a corresponding Lipschitzian metric which we denote as d, (d, (X, Y)).
Using this metric we can obtain the following proposition

Theorem 2.3: suppose that

FOX) 2 F(X)+] o) =] o(X) F G (AL (X, X5))) werrerrermrmerrirmeerierreseesesresseesse s sr e e e sne e (10)
Then

A A (TS T I C S T Iy W (< N (S TS ) DO (11)
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In the case when the metric d, (d, (X, Y)) coincides with the initial metric d( x ,y ), d, (d, (X, y)) =d( x ,y ), obtains a simpler
from

F(X)=] o(X) = F(X,) =] o(X) +9(d(X,X,)) ... (12)
Theorem 2.4: Let ()Z, d) be a metric space .Let T denote a class of Lipschitzian functions defined on X, such that for each
Xos) o+ »1,d,€ > 0 thereisax such that

[A(X, X)) =IOt e ettt sttt (13)
and

I ()= %)]=T 00 =i o(X)T=0L G 1J 0)A(XXg) K werrrrreeeereeereeeeeeeeeeeeeeseeeeieees e (14)
Let f(x) beaf —convex function If j ,isaf —subgradiert of the function f (x) at a point x, and

FO) < F(X)H] 000 =] 6(%) FT (AKX, X))y wrrrrreerreerresssessssesssesssessssesssss st ssss s ssesssnes (15)
then

F7G0 ) =1 (%)= TG o) =i o(X)FGUALG 1] ) cererrerrrmermmereerrrreieeeesesseseeseessessesses s sssses s sssseessen s sesseenens (16)

Proof: Applying Fehchel-Moreau inequality to (10) and using the fact for | , we have equality we obtain

RO R A IR A I T I o G 1€ S ) F oo (17)
Then
D R A I TSI G T I To I (o162 N (18)
and
£G)=F7G o) +0 (%) =i o +T ) =i =T 60 =T (%) =G ([@(X Xg)) werrerrreererrrrerrerrrrrn (19)

By our assumptions(13) and (14) we have
FG)2 TG o)+l (%) -] O(Xo)]+53u§>(dL(j J o)d-d)t-g (A+d))-e

=G o)+ (%) =] O(XO)]+g(%dL(j TS ) T Y (20)

The continuity of y and the arbitrarily of 6 and € implies (16).
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