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INTRODUCTION

Njastad [29] introduced the concepts of an a-sets and Mashhour et a [26] introduced a-continuous mappings in topological
spaces. The topological notions of semi-open sets and semi-continuity, and preopen sets and precontinuity were introduced by
Levine [25] and Mashhour et a [27], respectively. The concepts of minimal structures (briefly m-structures) were developed by
Popa and Noiri [35] in 2000. Kelly [24] introduced the notions of bitopological spaces. Such spaces are equipped with two
arbitrary topologies. Lellis Thivagar [46] introduced weakly open sets called 1,,-0open sets in bitopological spaces. In this

paper, we introduce M 2y -continuity and , and obtain their decompositions in biminimal spaces. At every places the
new notions have been substantiated with suitable examples.

PRELIMINARIES

Definition 1.2.1

Let X be a nonempty set and (X) the power set of X.A subfamily M, of o(X) iscaleda minimal structure
(briefly m-structure)on X if ¢ € M, and X € M, .

Definition 1.2.2

A set X together with two minimal structures mi and mf on X is caled a biminimal space and is denoted by (X,
m:, m?).

*Corresponding author: Banumathi, B.
Department of Mathematics, M.K.U.Evening College, TELC, 61- Mengles Road, Dindigul, Tamil Nadu, India



International Journal of Recent Advances in Multidisciplinary Research 038
Throughout this paper, (X, M., m?) (or X) denote biminimal space.
Definition 1.2.3
Let Sheasubset of X. Then Sissaid tobe m™?" -open if S= A UB whereA em’ andB ¢ m?. Wecall mt*?" -closed set is
the complement of m)((l'z)* -open.
. (@2 1 2y : (@2
The family of all m;"“" -open subsets of (X, m; , m, ) isdenoted by m,"“" -O(X).
Example1.2.4

Let X ={ab,c}, m: ={¢, X, {a}} and m? ={¢, X, {b}}. Thenthesetsin {¢, X, {a}, {b}, {a b}} arecalled m"*" -open
and the setsin {9, X, {b, ¢}, {a ¢}, {c}} arecalled m?" -closed.

Definition 1.2.5

Let S be asubset of X. Then

(i) the mt“?" -interior of S, denoted by m?" -int(S), isdefined by U { F /F< Sand F is m{"®" -open};

(ii) the m“?" -closure of S, denoted by m™?" -cl(S), is defined by N {F/ Sc F and Fis m{"?" -closed}.

Definition 1.2.6

Let S be a subset of X. Then S is said to be

12y
X

1.2y
X

()ym*? -a-open if Sc m&? -int(m&? -cl(m&?" -int(S)));
2" _semi-open if Sc m&? -cl(m&?" -int(S));
2" int( m?" -cl(9));

X

-l (m*? int( m&? -cl(9))) < S;

X

-cl(m*? -int(S)) c S;

X

(iHm
2" preopen if Sc m

(iiiym
(iv) m"?" -a-closed if m*?"

12
X

12y
X

v)ym -preclosed if m

L2y
X

(vi)ym{"?" -semi-closed if m&? -int(m&?" -cl(S)) c S.

The family of all m{?"-a-open [resp. m*?" -semi-open, m{"?" -preopen] subsets of X will be denoted by
m?"-a0(X) [resp. M*+?"-s0(X), m{"?"-PO(X)].

Example 1.2.7

Let Y={p.a,r}, M, ={0,Y,{p},{p,a}} and M) ={6,Y,{c}}.Then thesetsin{o, Y, {p},{a}, {p, q}} are called m{"""-

open and the setsin {¢, Y, {r}, {q, r}, {p, r}} are caled mg,lz)* -closed. We have m&z)* -aO(Y) ={¢, Y, {p}. {a}, {p, q}};

m{?"-S0(Y) = {6, Y. {6} {a} {P. @} {P. 1}, {0 1}} and MM -PO(Y) = {4, Y, {m}. (. {p, &b}.

Lemma1.2.8

Let X beanon-empty set and M., m? minimal structureson X. For subsets A and B of X, the following properties hold:
DA = m&? -cl(A) and m*?" -int(A) c A;
(i) X X
(ii)if A is m? -open then A = m{"? -int(A);
(ii)If A is m*® -closed then A = m&? -cl(A);
X X
(iv)If A cBthen m&? -cl(A) ¢ m"? -cI(B);
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(VIf A< Bthen m"? -int(A) ¢ m*? -int(B);

(vi) m? —cl(X = A) =X - m*? -int(A) and M -int(X - A) = X — m*P -cl(A);

i) m*? _cl(9) = ¢ = M -int(¢) and M*? -cl(X) = X = m*? -int(X);

(viii) M2 el (m&? -cl(A)) = m?" -cl(A) and M -int(mM&? -int(A)) = m&? -int(A).

Definition 1.2.9

12y

A biminimal space (X, m}, m?) has the property [u] if the arbitrary union of m‘*?" -open setsis m‘*?" -open.

A biminimal space (X, m’, mZ) has the property [I] if the any finite intersection of m*?" -open setsis m™*?" -open,
Lemma 1.2.10

The following are equivalent for the biminimal space (X, m, m?).
(i) (X, m;, mZ) have property [u];

(i) 1f m{? -int(E) =E, thenE  m"?"-O(X).

(i) 1f m*?" c(F) =F,then® m®*?"-O(x).

CHARACTERIZATIONS

Definition 1.3.1

Let Sheasubset of X. Then Sissaid to be
(iyregular m*? -open if S=m? -int(m*?" -cI(S)),

(iiym*?" _semi-regular if it is both m{“?" -semi-open and m"?" -semi-closed.

1.2
X

1.2
X

The family of all m -open] sets of X isdenoted by m*?"-sc(X) [resp. m{"?" -

RO(X)].

-semi-closed [resp. regular m

12

< -semi-closure of S

The intersection of al m{*?" -semi-closed sets of X containing a subset S of X is called the m
and is denoted by m?" -scl(S).

Remark 1.3.2

A subset S of X is m)((l'z)* -semi-closed if and only if m(l’z)*-scI(S) =S.

X

Definition 1.3.3

A subset S of X is said to be m{“?"-semi-generalized closed (briefly m®*?"-sg-closed) if and only if m&?"-

scl(S) c F whenever Sc F and F is mf(l’z)*-semi-open set.

1.2

The complement of m;

-sg-closed set is m$"?" -sg-open.
Example 1.3.4

LetX ={a b, c}, m: ={¢, X, {a}} and m? ={¢, X}. Thenthesetsin{¢, X, {a}} are called m~?" -open and the setsin {¢, X,
{b, c}} arecalled m™?" -closed. Also, thesets in{¢, X, {b},{c},{b, c}} are called m{"*" -sg-closed.

Definition 1.3.5

A subset S of X is said to be locally m®*? -closed if S=M N N, where M is m*? -open and Nis m{"?"-

closed.
Remark 1.3.6
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Every m{"?" -closed setis m{"®" -a-closed but not conversely.
Example 1.3.7

Let X={ab,cd, m ={¢ X {a {ab}}ad m?={¢ X {ach}. Thenthesetsin{¢,X,{a} {a b} {ac} {a b, c}
are called m™“?" -open and the sets in {¢, X, {d}, {b, d}, {c, d}, {b, c, d}} arecalled m"?" -closed. We have{c} is m*?" -a-
closed set but not mf(l'Z)*—cIosed. Also, the sets in {4, X, {a}, {b},{c},{d}, {a b},{a c},{b, c}, {b, d}, {c, d},{a b, c}, {b,
c,d}} are caled locally m®*?" -closed.

Proposition 1.3.8
Every m*? -closed set is locally m{?"-closed.
Proof
— i .2y i .2y i 1,2)*
S=XnS where X is m;"” -open and S is M, -closed. ThusSis localy m;"“" -closed.

Example 1.3.9

The converse of Proposition 1.3.8 is not true in general.
Consider the Example 1.3.7 we have {&} is locally mf(l’z)* -closed but not mf(l’z)* -closed.

Proposition 1.3.10
A subset S of X is m{"?" -a-closed if andonlyif S is m{"?" -semi-closed and m“?" -pre closed.
Proof

Let S be m? -a-closed. Then M -cl(m*? -int(m? -cl(S))) ¢ S. Hence M -int(m*?"-ci(9)) <
m&? -l (m&? -int(m&? -cl(S))) = S. Thus S is M*? -semi-closed. Also m&?" -cl(m®*?"-int(S)) ¢ M*?"-

(M -int(m*? _cl(S))) 'S, Thus S is m®? -preclosed. Conversely, let S be m“? -semi-closed and

12
X

m&?"-cl(5))) ¢ m*? -int(S). We have m? -int(m{"?" -cl(S)) ¢ M -int(S) which implies m*?" -ci(m&*-2" -

1.2y
X

m"? -preclosed. Since S is m{"® -semi-closed, M*? -int(m®*?"-cl(S)) < S implies M&?" -int( m"?" -int(

int(m*?" -c1(9))) ¢ M@ _cl(m*? -int(S)) ¢ S, as S is M -preclosed. Hence Sis m*?" -a-closed.

Example 1.3.11

1.2y

. -a-closed.

2" _semi-closed or m{-?"

A m -preclosed set need not be m

(i) Let X={ab,c}, ml ={¢,X,{a}} ard m? ={¢, X, {b}}. Thenthesetsin{¢, X, {a}, {b}, {a b}} arecalled m*?" -open
and the setsin{¢, X, {b, ¢}, {a ¢}, {c}} arecalled m{"*" -closed. We have

m{?"-a0(X) = {, X, {a}, {b}, {a b}};
m&?"-sO(X) = {¢, X, {&}, {b}, {a b}, {a c}, {b, c}}.

(1)

@)
i L2)* i ®.2)*

Therefore {b} is m;"“" -semi-closed but not M -o-closed.

(i) Let X={ab,c}, m} ={¢,X,{b,c}} and m? ={¢, X, {a b}}. Thenthesetsin{¢, X, {b, c}, {a, b}} arecalled m{"?"-
open and the setsin {9, X, {&}, {c}} are caled m*?" -closed. We have
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(DM -a0(X) = m?"-s0(X) ={¢, X, {a b}, {b, c}};
(m{?"-PO(X) = {4, X, {b}, {a b}, {b, ¢}, {a c}}.

Therefore {b} is m)((l'z)* -preclosed but not mf(l’z)* -a-closed.
Proposition 1.3.12

A m{?" _semi-closed set is m‘*?" -sg-closed.

Pr oof

LetSbe m“? -semi-closed. Then M®"?" .xcl(S)=Sc Gwhere Sc G and G is m"?" -semi-open. Thus Sis m{*?"-
sg-closed.

Remark 1.3.13

A m*? -sg-closed set need not be m*?"-semi-closed.

Consider the Example 1.3.11 (ii). Wehave{a, ¢} is m"?" -sg-closed but not m{"?" -semi-closed.
Proposition 1.3.14

A mf(l’z)* -closed set is m)((l'z)* -sg-closed.

Pr oof

Let S be m*? closed. Then S is M!“? -a-closed and aso by Proposition 1.3.10., S is m‘*?" -semi-closed. Moreover,
by Proposition 1.3.12, S is m*?" -sg-closed.
Remark 1.3.15

The converse of Proposition 1.3.14 is not true in general.
Consider the Example 1.3.4, {c} is m"? -sg-closed but not m*?" -closed.

Proposition 1.3.16
Let 1 2 (€.2)* : @2
(X, my, m; ) have property [u]. Then any regular m,"“’ -open set is m,"“" -open.

Proof

Let S be regular mf(l’z)* -open. Since S = mf(l’z)* -int( mf(l’z)* -cl(9)), mf(l’z)* -int(S) = m)((l'z)* -int( m)((l’z)* -cl(S)). We
have S= m"?" -int(S). Thus, by Lemma1.2.10, S is m{"*" -open.

Remark 1.3.17

The converse of Proposition 1.3.16 is not true in general.
Consider the Example 1.3.4, {a} is m"?" -open but not regular m

X

1.2
< -open.

Proposition 1.3.18

12y

2" open set is m*?" -semi-closed.

Every regular m
Proof
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Let S be regular m&? -open. Then S= m"? -int(m"? -cl(S)). We have m*? -int(m*? -cl(9)) < S.

X

Thus S is mf(l’z)* -semi-closed.

Proposition 1.3.19

Let (X, m)l( , mf) have property [u]. Then every regular m)((l’z)* -open set is m)((l'z)* -semi-regular.
Pr oof

Let S be regular mt“?"-open. Then by Proposition 1.3.18, S is m{"*" -semi-closed and also by Proposition 1.3.16., S

1.2)

« -semi-closed. Thus S is

is m“?"-open (and so Sis M{"?" -semi-open). Hence S is both M®"?" -semi-open and m

m“?" _semi-regular.

Remark 1.3.20

Every m{"?" -semi-regular setis m{*?" -semi-closed but not conversely.
Example 1.3.21

Let X ={a b,c}, m} ={¢, X, {a}} and m? ={¢, X, {b}}. Then the setsin {¢, X, {a}, {b}, {a b}} arecalled m‘*?" -open and
thesetsin{¢, X, {b, ¢}, {a, ¢}, {c}} arecalled m*?" closed. We have

m{" -a0(X) = m?"-PO(X) = {$, X, {a}, {b}, {a b}};
m®?"-s0(X) ={¢, X, {a}, {b}, {a b}, {a c},{b, c}};

1.2
M _ROX) = {4, X, {a}, {b}}.

Wehave {c} is m"?" -semi-closed but not m-?"

. o -semi-regular.

Remark 1.3.22

1.2

2" _o-closed setsand regular m"?" -open sets are independent of each other.

m
Consider the Example 1.3.4. We have {c} is m{"? -a-closed but not regular m{"? -open and Consider the

Example 1.3.21. We have {a} is regular m®?"-open but not m%*?"-u-closed.
Remark 1.3.23

m)((l’z)* -preclosed sets and m)((l'z)* -open sets are independent of each other.
Consider the Example 1.321. Wehave{c} is m*?"-preclosed but not m"?"-open and {a} is m{? -open but

not m{“?"-preclosed.
Remark 1.3.24

Locally m*?" -closed setsand m‘"?" -preclosed setsare independent of each other.

1.2)*
X

Consider the Example 1.3.21. Wehave{a} is locally m{"®" -closed but not ~ m{? -preclosed and Consider the

Example 1.3.11 (ii). We have {b} is m{"? -preclosed but not locally m{?" -closed.
Remark 1.3.25
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By the previous Propositions, Examples and Remarks, we obtain the following diagram where A — B means A implies
B but B does not imply A and A «» B means A and B are independent.

AT Ty . o .
mE_L" -sg-closed n m™" semi-closed * mil' " -semi-regular

e e

1 tl

miu:'*—closed / I mil:?l-* -o-closed 7L’ regular nztl:z:'*—open

x

0.2

locally mE_lJl-* —closed 7L> mil:z:-* -preclosed mxl*' -open

<L

DECOMPOSITION OF M 2" _CONTINUITY

Zz

Proposition 1.4.1

1

Let (X, m, mf) have property [I]. Let S be a subset of X such that mf(l’z)* -cl(9) mf(l’z)* -O(X). Then the following are
equivalent.

(1.2)*
(i)S is My -open.

@2y m&2r
(inS is an * -a-openand locally " * -closed.

Proof.

(i) = (ii):

Let S be an m{"?"
Thus S is locally mt?" closed.

-open. Then Sis M*? -a-open. Also S=X 'S where S is m*?" -open and X is M!*?" -closed.

(i) = (i):

Let S be mf(l’z)* -0-open and locally m)((l’z)* -closed. Since Sis m)((l’z)*-preopen, Sc mf(l’z)*-int( mf(l’z)* -cl(S)). Since S

1.2
-

Sc U~ m*P-int(m*? _ci(s)) c U n m&? _cl(s) = m&2 -int(U A m? -cl(S)) = m&? -int(S). We have S

X X X X

islocally m{? -closed, S=U n m“? -cl(S) where U is m? -open. Also S=Un m"? cl(S)nU=UnN

c m*? .int(s). But m? -int(S) c S. Hence S is m*? -open.

Definition 1.4.2 [51]
A function f: X — Y is said to be

(i) M &P continuous if f ™ (v) is m{"?"-open in X for every m§,1,2)*

- open subset V of Y.
(i) M & -a-continuous if f (V) is an m{*?"-a-open in X for every mg,l'z)* -open subset V of .

We introduce a new function as follows:



International Journal of Recent Advances in Multidisciplinary Research 044

Definition 1.4.3

A function f :X —Y is sad to be M®? -LC continuous if f_l(V) isa locally mf(l’z)* -closed in X for every

ms‘z)*—open subset V of Y.

Theorem 1.4.4

Assume that the m{*?"

[11. Then the following are equivalent.

1.2
X

-closure of any subset of X is m -open. Let f: X — Y be a function where X has property

()f is M®? _continuous.
@iHf is M @2 g-continuous and M ®?” -LC continuous.

Proof

.2y

It is a decomposition of M -continuity from Proposition 1.4.1.

Conclusion

Though the concept of biminimal spaces has been identified as a difficult territory in Mathematics, we have taken it up as a
challenge and cherishingly worked out this study. Moreover it also has applications in some important fields of Science and
Technology. Hence, most of the results in this paper can be extended to Fuzzy biminimal topology a so. This study would open up
the academic flood gates and new vistas in the fields of biminimal spaces and fuzzy biminimal spaces including fuzzy biminimal
ideal spaces for further research studies.
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